Laminar-turbulent transition caused by modal disturbance growth in the wake flow of isolated roughness elements on blunt re-entry capsules is studied numerically at typical cold hypersonic wind-tunnel conditions. Two fundamentally different heat shield shapes are considered. On the sphere-cone forebody the wake flow of the roughness is exposed to an adverse pressure gradient, whereas the spherical heat shield exhibits a strongly favorable pressure gradient. The pressure gradient effects on the development of the stationary wake flow and its modal instability characteristics are discussed for various heights and diameters of the cylindrical roughness element. Regions of increased shear develop in its wake, which persist longer in the adverse pressure gradient case. Consequently, the results of spatial two-dimensional eigenvalue analyses reveal that the unstable wake-flow region extends much further downstream and the wake-mode instabilities are considerably more amplified. The disturbance kinetic energy production terms are used to assess the contributions of the different shear-layer regions to the mode growth and its dependence on the pressure gradient.
Introduction
Accurate prediction of boundary-layer transition on space re-entry vehicles is critical to design improvements of the thermal protection system (TPS). Entering aft-end first from space into a planet's atmosphere, the heat shield of a re-entry capsule has to withstand very high heat loads. Due to a lack of appreciation and understanding of the physics of transition on such blunt vehicles, the design philosophy so far assumed a fully turbulent flow in flight at all times leading to an over-dimensioning of the TPS, associated with cutbacks on the feasible payload. One possibility to carry more cargo with the same overall weight is to reduce the mass of the heat shield while keeping the level of safety constant. This can be achieved by applying more advanced (lighter) TPS materials or by taking all relevant flow regimes into account. For a potential TPS weight reduction, it is absolutely essential to correctly estimate the expected heat transfer while taking all laminar flow regions and the transition location into consideration.
The boundary layer on capsules with a spherical forebody does not feature any amplified modal disturbances at hypersonic speeds and typical ground-based wind-tunnel conditions. 1 The strongly favorable pressure gradient keeps the first mode stable and amplified second-mode disturbances do not occur due to subsonic to transonic post-shock boundary-layer edge Mach numbers. Moreover, the spherical shape does not promote sufficient crossflow and its convex nature prevents Go¨rtler instabilities. In contrast, capsules with a sphere-cone shape exhibit amplified first-mode and crossflow instabilities at similar freestream conditions (depending on the cone angle). 2, 3 There exist several sources of instability and mechanisms that accelerate the laminar-turbulent transition process, which are specific to hypersonic flows over blunt capsules. One of them is out-gassing from an ablative heat shield. Li et al. 4 demonstrated the destabilizing effect of ablation-induced out-sgassing on a boundary-layer flow over a hemispherical capsule which otherwise did not support amplification of instability modes. Ablation of the heat shield can also cause the formation of a distributed surface micro-roughness pattern, which in turn can lead to an earlier boundary-layer transition compared to the smooth wall case. Experimental investigations on premature boundary-layer transition due to distributed roughness effects on re-entry capsules have been conducted by Grossir et al. 5 (EXPERT vehicle at Mach 14), Hollis 6 (sphere-cone and hemisphere geometries at Mach 6) and Leidy et al. 7 (Orion Crew Exploration Vehicle (CEV) at Mach 6). A different common type of roughness for realistic re-entry vehicles are discrete roughness elements, such as attachment-point cavities, compression pads, gaps or steps between heat shield tiles or unevenly ablated TPS material. A single protuberance element can also trigger the laminar-turbulent boundary-layer transition in its wake or even cause bypass transition if the roughness height/cavity depth is sufficiently large, though it is not as effective as distributed roughnesses with the same height. 8, 9 Amar et al. 10 and Berger 11 demonstrated the effect of isolated protuberances on the laminar-to-turbulent transition on the Orion CEV capsule in wind-tunnel experiments at low enthalpy conditions. Tripping of the boundary layer was achieved with diamondshaped discrete roughness elements to evaluate the effectiveness of the trips 10 and to obtain turbulent forebody heating data for comparison with computational predictions. 11 Tanno et al. 12 and Marineau et al. 13 investigated the boundary-layer transition on an Apollo-shaped capsule at high enthalpy conditions and also used discrete roughnesses to induce transition on the leeside of the model. An overshoot in heat transfer downstream of the roughness followed by a progressive relaxation to computed turbulent values was observed by Marineau et al., 13 whereby the amplitude of the overshoot increased with protuberance height. Direct numerical simulations (DNS) of Chang et al. 14 for surface irregularities (protuberance and cavity) on the CEV at wind-tunnel conditions revealed that a roughness sticking out of the surface is more effective to trigger transition than a cavity at identical roughness Reynolds number (Re kk ) and Reynolds number values. An extensive summary of experimental work, which focuses on roughnessrelated transition in hypersonic boundary layers on blunt bodies, is given by Reda 8 and Schneider.
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The mechanisms leading to transition behind a three-dimensional roughness are only partly understood, but work on mainly super-and hypersonic roughness-induced transition (carefully conducted experiments, 16, 17 extensive DNS simulations [18] [19] [20] [21] [22] and results from global, 23 two-dimensional linear eigenvalue (LST-2D) [24] [25] [26] [27] and three-dimensional parabolized (PSE-3D) 18, 28 instability analyses) have considerably increased the knowledge in the recent years. However, most investigations have been performed on flat plates with a zero pressure gradient (ZPG) and a detailed study on the influence of different pressure gradients on roughness wake-flow instabilities is still missing. Theiss and Hein 27 and Theiss et al. 28 used LST-2D to characterize the most amplified wake modes behind different roughness elements in the symmetry plane of an Apollo-shaped capsule model and showed that the zone of modal amplification was much shorter in comparison to the length scales computed by Choudhari et al. 25, 26 for a roughness element with similar Re kk values in a flat plate flow. The authors speculated that the deviations to the ZPG result origin in the strongly favorable pressure gradient (FPG) on the capsule forebody. Recently, Plogmann et al. 29 experimentally investigated the effect of different pressure gradients on the mode amplitudes behind a cylindrical roughness element in the incompressible flow regime. The authors reveal that in the near wake of the roughness the amplitude of the leading mode is very weakly dependent on the pressure gradient. However, the amplitude in the favorable pressure gradient case is slightly lower compared with the zero and adverse pressure (APG) case. For the far wake region, the authors report that the leading mode is damped in the FPG case, whereas in the ZPG and APG case the amplitude remains at a nearly constant level before being slightly damped. 29 A similar observation is also mentioned in the work by Chang et al. 14 The present paper provides a continuation of our previous work 27, 28 on wake-flow instabilities behind an isolated roughness element on the forebody of a blunt generic re-entry capsule at cold hypersonic flow conditions. The intent of this paper is to clarify the effect of different pressure gradients on discrete roughness-induced transition. This work focuses on the instability properties of the streaky wake flow behind a cylindrical roughness element located in the adverse pressure gradient region of a 50 spherecone capsule. Results from laminar basic flow computations for several roughness heights and diameters at similar roughness Reynolds numbers, Re kk , and identical slenderness ratios, d/k, as in our previous studies (Apollo-shaped capsule with a strongly favorable pressure gradient), will be presented and the wakeflow instability characteristics will be analyzed with the help of spatial two-dimensional instability theory. The influence of different pressure gradients (spherical capsule forebody versus sphere-cone shape) on the various types of wake modes, the length of the amplified wake-flow region and the maximum cumulative amplification ratios (N-factors) will be discussed.
Numerical methods
The first part of this section provides an overview of the investigated capsule configurations and the applied freestream conditions for the numerical simulations. Details about the laminar basic flow computations are subsequently given for the spherecone capsule without and with an isolated roughness element located on the conical part of the capsule forebody. The last subsection explains the twodimensional linear stability theory used to characterize the wake-flow instabilities behind the isolated roughness element.
Capsule models and freestream conditions
The first model studied is an Apollo-shaped capsule with a base diameter of D ¼ 170 mm. This geometry features a strongly favorable pressure gradient on the spherical forebody. The second configuration with an APG is a variant of the Mars Science Laboratory vehicle with a sphere-cone forebody and a base diameter of D ¼ 152.4 mm (50 -MSL). An overview of the investigated forebody shapes is given in Figure 1 . The freestream values for the laminar basic flow computations were determined from wind-tunnel conditions to match the experiments of Ali et al. 30 for the Apollo capsule and Hollis et al. 31 for the MSL configuration and are summarized in Table 1 .
Laminar basic flow computation
This subsection outlines the meshing strategies and the numerical tools used to simulate a generic re-entry capsule at hypersonic flow conditions without and with an isolated cylindrical roughness element on its forebody. The focus here is on the MSL configuration and details about the basic flow computations for the Apollo-shaped model can be found in literature. 1, 27 Furthermore, considerations on the optimal roughness position to work out the effects of an APG on wake-flow instabilities are also included.
Smooth capsule configuration. The unperturbed boundary-layer flow on the inclined MSL surface is computed on block-structured grids using a secondorder accurate AUSMDV upwind scheme, as implemented in DLR's finite-volume compressible Navier-Stokes flow solver FLOWer. 32 A grid convergence study was performed (details can be found in Lichtmes 33 ) and the singularity-free, shock-adapted mesh has about 12:1 Â 10 6 points with at least 100 cells in the boundary layer. Due to the short operating times of the wind tunnel, a uniform isothermal wall boundary condition was imposed (see Table 1 ).
Capsule with isolated roughness element. A cylindrical roughness element of various heights and diameters is placed in the leeward symmetry plane on the conical part of the capsule forebody. Only half of the element was simulated in the truncated computational domain (depicted in Figure 2 ), exploiting the azimuthal symmetry of the flow field. The approach of using a smaller domain for the simulations with roughness element substantially decreased the required number of points for the laminar basic flow computations. As an additional benefit, the truncated domain is located below the bow shock, so a 2nd-order central scheme was chosen for the spatial discretization in order to speed up the simulations. Figure 3 depicts the structured grid used to discretize the flow field around the sharp-edged roughness elements (only every 4th grid point is shown). To maintain a reasonable computational effort, clustering of grid points towards the element in all directions was applied and the mesh consists of approximately 150 Â 10 6 points with about 1100, 260, and 300 points behind the roughness in streamwise, spanwise, and wall-normal direction, respectively. The mesh topology and the number of grid points are identical to those as used in our previous studies. 27, 28 Nevertheless, grid convergence was also checked. 34 The cylindrical roughness element is placed on the conical part of the capsule at x 2 =R ¼ 0:45. As indicated in Figure 4 , at this position the protuberance is in the APG region and exhibits an adequate margin towards both the FPG region on the spherical nose part and the downstream position where first-mode instabilities start to grow. 2, 3, 33 The objective of this work is to exclusively study convective wake-flow instabilities and to exclude hybrid modes with significant fluctuations in the wake region as well as in the exterior region. The solid lines in Figure 4 show the evolution of the roughness height k along the capsule surface at constant roughness Reynolds numbers (the values that are used in this work). The roughness Reynolds number, Re kk , is based on the roughness height k and the flow values of the unperturbed basic flow at that height. For the chosen roughness position, it is assumed that a shock will not occur above the cylinder, due to a sufficient vertical margin towards the sonic roughness Mach number Ma k , which is also defined with the values of the unperturbed basic flow at the roughness edge.
The numerical boundary conditions imposed are those as depicted in Figure 2 . Converged basic flow data without the protuberance element on the capsule are specified on all sides of the computational domain via a Dirichlet boundary condition, except for the wall, the outflow region, and the capsule zero meridian, where the no-slip, supersonic outflow, and symmetry conditions are set, respectively. The suitability of the Dirichlet boundary condition was checked by simulating the reduced domain without disturbance element. The boundary-layer profiles of the converged flow within the smaller domain show a very good agreement with the original solution as depicted in Figure 5 for the roughness location as an example.
Two-dimensional linear stability theory -LST-2D
The wake flow behind an isolated roughness element has a strong inhomogeneous character in both wallnormal and spanwise direction. Thus, the conventional linear stability analysis, which is based on the assumption of inhomogeneity in just one spatial direction, is not appropriate to analyze the stability characteristics of wake flows and a 2D eigenvalue problem is solved instead. The LST-2D is based on the non-dimensional version of the compressible Navier-Stokes equations and analogue to the ansatz of classical linear stability theory. All flow quantities q ¼ , u, v, w, T ½ T are split into their steady primary state " q and unsteady perturbation partq qðx, y, z, tÞ ¼ " qð y, zÞ þ qðx, y, z, tÞ, ( 1, ð1Þ
whereby the primary state " q and the total flow field q are assumed to satisfy the Navier-Stokes equations. However, two spatial inhomogeneous directions are simultaneously resolved on a plane (wall-normal z and spanwise y direction), whereas spatial homogeneity in the third direction is assumed (streamwise x direction). The infinitesimal three-dimensional perturbations q are inhomogeneous in z and y and periodic in x. After applying the modal perturbation ansatz forq, one may writẽ qðx, y, z, tÞ ¼qð y, zÞÂðx, tÞ þ c:c:,
withq defining the vector of the two-dimensional complex-valued amplitude functions in a plane perpendicular to the x-axis, Â representing the complex-valued phase function and c:c: denoting the complex conjugate. The LST-2D equations are obtained by substituting the perturbed state (equation (1)) into the Navier-Stokes equations, assuming local parallel flow, subtracting out the Oð1Þ basic flow terms and neglecting terms at (Oð 2 Þ). In this work, the spatial framework is used to study convective wake-flow instabilities. Therefore, ! is real-valued and linked with the circular frequency of an eigenmodeq, while is the complex-valued eigenvalue and its associated eigenvectorsq are to be sought. The real part r ¼ < f g is related with the wavenumber ofq along the homogeneous direction x with wavelength l x ¼ 2= r , whereas the imaginary part, i ¼ = f g, is its growth/damping rate. A negative value of i stands for spatial growth of the eigenmode, while a positive value denotes spatial decay ofq. After discretization, a two-dimensional Generalized Eigenvalue Problem (GEVP) can be formed, but the resulting system is non-linear in eigenvalue . The companion matrix method 35 is used to convert the system into a linear eigenvalue problem by defining the auxiliary vectorq
Boundary conditions. Adequate boundary conditions must be specified for the disturbance variables to solve the GEVP (equation (3)). No-slip, isothermal boundary conditions are imposed at the wall, i.e., u ¼v ¼ŵ ¼T ¼ 0. In wall-normal direction, the perturbations are forced to decay by imposing homogeneous Dirichlet conditions at the upper boundary, which is placed far away from the region of interest to avoid reflections. The symmetry at the capsule zero meridian is exploited by imposing symmetric ( y ¼û y ¼v ¼ŵ y ¼T y ¼ 0) and anti-symmetric ( ¼û ¼v y ¼ŵ ¼T ¼ 0) boundary conditions to reduce the computational effort. Corresponding Dirichlet conditions are set on the opposing side.
Spatial discretization. Equation 3 is solved on a grid independent from the one used for the basic flow computations. The wall-normal and spanwise directions are discretized with stable high-order finite differences schemes of order q (FD-q), developed by Hermanns and Herna´ndez. 36 For the present study, the sixthorder scheme (q ¼ 6) is used for both spatial directions. The number of discretization points was varied to ensure that the relevant flow quantities are insensitive to further improvement in grid resolution. 34 All subsequent 2D spatial eigenvalue computations were performed with 89 points in spanwise and 101 points in wall-normal direction.
The interval of the non-uniform grid point distribution required by the FD-q scheme, 2 À1, 1 ½ , usually does not coincide with the physical domain of the problem studied (here: 2 0, 1 ½ ), therefore appropriate mappings need to be applied. In this work, the same mapping function is chosen to cluster the points in the region of the roughness element's wallnormal extension and towards the symmetry plane
where 1 denotes the location where the domain is truncated and h represents the position where the number of discretization points is split into two halves. Note, here stands for either the spanwise coordinate y or the wall-normal direction z.
Results
In the following, results for the sphere-cone capsule will be presented for the flow cases summarized in Table 2 . The largest roughness height investigated (k ¼ 92 mm) is in the order of the displacement thickness 1 , which corresponds to approximately one-sixth of the boundary-layer thickness . The roughness Reynolds numbers, Re kk , as well as the slenderness ratio, d/k, are similar to the cases investigated with a cylindrical roughness element positioned in the leeward symmetry plane on the Apollo-shaped capsule (Cases 1-10 from Table 2 in Theiss et al. 28 ) and corresponding results will also be shown again to facilitate comparisons. The differences in the laminar basic flow with regard to varying pressure gradients at equivalent roughness dimensions are addressed in the first subsection. In the second subsection, spatial 2D stability theory is used to work out the effect of roughness height on the instability properties, followed by considerations on the impact of the cylinder diameter in the last subsection.
Laminar basic flow Figure 6 illustrates the impact of a cylindrical element on the mean flow field for the two capsule configurations. At both investigated pressure gradients, the presence of the protuberance leads to a region of flow reversal both upstream and downstream of the roughness and to a formation of a counter-rotating vortex pair, known as the horseshoe vortex. The legs of the vortex bring down high-speed fluid from the outer region of the boundary layer towards the wall and transport low-speed fluid from the wall to the upper boundary-layer region. This transport of momentum is known as the lift-up effect and generates streamwise velocity high-and low-speed streaks, 37 as depicted in Figure 6 for different downstream positions (s). The cylinder also induces a central low-speed streak due to the streamwise velocity blockage. The flow field along the capsule surface differs depending on the pressure gradient. The Mach number isocontours at z ¼ 2/3 k for the 50 -MSL capsule highlight the flow deceleration on the conical capsule part, whereas an almost constant acceleration occurs on the spherical forebody of the Apollo-shaped geometry. However, the spanwise profiles of streamwise velocity at selected locations behind the roughness trailing edge reveal a similar wake-flow development, though the amplitudes and spanwise gradients are more pronounced for the MSL capsule. Furthermore, both wake flows have in common, that due to the downwash motion of the vortices (highmomentum fluid from the upper boundary-layer part is pushed towards the wall) the velocity deficit in the central low-speed streak region is first annihilated and then replaced by a high-speed streak. For the investigated different pressure gradients, the wake flow in the FPG case nearly relaxes towards the unperturbed state before it reaches the capsule shoulder, while for the APG condition a roughness-induced perturbation persists up to the end of the analyzed domain. Figure 7 depicts the normalized wall-normal shear distribution in the symmetry plane at similar roughness Reynolds numbers and slenderness ratios (50 -MSL capsule: Re kk ¼ 348, d=k ¼ 7:69, Apolloshaped capsule: Re kk ¼ 336, d=k ¼ 6:67). In addition, the solid black line indicates the spatial extent of the upstream and downstream reversed flow region, revealing an upward tilt of the rearward recirculation zone in the APG case. For both pressure gradients, the intensity of the shear layer (originating at the roughness leading edge) decreases with downstream distance, whereas there is a second maximum in the wall-normal streamwise velocity gradient above the rear part of the reversed flow region on the 50 -MSL capsule, accompanied by an increase in wallnormal distance of the detached shear layer. In the FPG case, the vertical position of the shear layer remains nearly unchanged, probably due to a much smaller increase in boundary-layer height compared to the APG condition.
The thickening of the boundary layer on the sphere-cone geometry is also depicted in Figure 8 in terms of isolines of the streamwise velocity component in spanwise planes at three different downstream locations behind the cylindrical roughness (Re kk ¼ 348). The intermediate to far wake-flow region is characterized by the central low-speed streak with an upwelling of the flow, forming the typical mushroom-like structure, accompanied by an increase in boundary-layer thickness (compared to the unperturbed state). The central low-speed streak is surrounded by a pair of high-speed streaks with reduced boundary-layer thickness (solely one highspeed streak is visible since only one half of the plane is shown in Figure 8 ). These streaks are characterized by high gradient regions, both in wall--normal and spanwise direction (see Figure 8 top and bottom row).
Roughness height variation
A meaningful characteristic variable to quantify the impact of a discrete roughness element on the mean flow is the streak amplitude, 25, 28, 38 defined as
where " u is the streamwise velocity and u b denotes the undisturbed laminar basic flow. The evolution of the streak amplitude along the capsules symmetry meridians is shown in Figure 9 for four different roughness Reynolds numbers. For both considered capsule geometries, the streak amplitude increases with roughness height and generally decreases with distance downstream of the roughness trailing edge in the far wake region (s 4 5 mm). For the roughness nearfield (s 5 5 mm), a distinct increase in streak amplitude is present for the APG condition (and FPG with Re kk 5278), in the region where the main contribution on the streak amplitude shifts from the central lowspeed streak towards the high-speed streak of the vortex system (see also Figure 6 ). A substantial decrease of A st for the sphere-cone shape occurs at s % 34 mm where the flow starts to accelerate again towards the capsule shoulder (see also Figure 6 ), further indicating the dampening effect of a favorable pressure gradient on roughness wake flows.
Two-dimensional spatial instability analyses for the stationary mean flow for all flow cases from Table 2 reveal both amplified symmetric modes (also known as varicose modes) and amplified anti-symmetric modes (sinuous modes) with respect to the streamwise velocity fluctuation. In the following, results will only be presented for the most amplified symmetric mode (S1), in terms of maximum N-factor reached, and also for the most amplified anti-symmetric mode (A1). The integrated amplification rate, known as N-factor, is defined as
where s 0 denotes the streamwise position where a disturbance starts to grow at a certain frequency. The normalized mode shapes of the streamwise velocity fluctuation for the investigated dominant wake modes are visualized in Figure 10 in a plane at s ¼ 2 mm and at the peak disturbance frequency leading to the highest N-factor, respectively. Note that the absolute value of the complex-valued disturbance amplitude functions is plotted. Although the magnitude of the streamwise velocity amplitude function of the anti-symmetric modes appears to be symmetric, the corresponding fluctuations are opposite in phase. The velocity perturbation of the symmetric mode is concentrated near the top of the mushroom-like structure in a region with increased wall-normal shear (@ " u=@z, see the upper row of Figure 8 ). On the other hand, the anti-symmetric mode peaks on either side of the mushroom structure where the spanwise shear (@ " u=@y) is large (see the lower row of Figure 8 ). The amplitude functions of the dominant wake modes display strong similarities, though the roughness-induced mean flow distortion is more pronounced in the case of an APG, associated with a shift of the shear layers in wall-normal direction (see also Figure 7 ).
Because of the downstream recirculation zone behind the roughness and the formation of streamwise vortices, the wall-normal velocity component is included in the LST-2D for all sphere-cone cases. Figure 11 shows the N-factor envelope curves plotted versus the surface arc length for mode S1 (solid lines) and A1 (dashed lines) dependent on roughness Reynolds number. Note that the wall-normal velocity component had to be excluded for the production of mode S1 results on the Apollo capsule to prevent the avoided crossing phenomenon. 28 Nevertheless, deviations in local growth rate due to wall-normal velocity influences are in the order of 10% and do not alter the trends presented in Figure 11 . For all roughness heights and both gradients considered, the dominant wake modes are already amplified at the first evaluation plane (similar to observations made by Choudhari et al. 25, 39 ) and the maximum N-factor increases with roughness height. In the case of a favorable pressure gradient, the symmetric mode S1 leads to the highest N-factor for all considered roughness Reynolds numbers, whereas there is no clear trend in the APG results. The maximum N-factor of mode A1 for the intermediate roughness Reynolds numbers (Re kk ¼ 254 and Re kk ¼ 348) is higher compared to the equivalent results for mode S1, while for the smallest and highest protrusion height the trend is inverted. The impact of a streamwise pressure gradient on the instability characteristics changes with the roughness Reynolds number. For the lowest value studied (Apollo-shaped capsule: Re kk ¼ 124, 50 -MSL capsule: Re kk ¼ 150), the maximum N-factors on the spherical forebody as well as on the spherecone shape are about one for the dominant varicose mode. However, with increasing protrusion height modes S1 and A1 are more amplified at APG conditions. The peak N-factor for either mode type is significantly larger for Re kk > 150, so an earlier Figure 11 . N-factor envelope curves versus surface arc length for the most amplified wake modes (top row) and maximum N-factor as a function of disturbance frequency (bottom row) for all investigated roughness Reynolds numbers. laminar-turbulent transition downstream of the cylinder on the 50 -MSL capsule is expected for the investigated freestream conditions. On the other hand, higher roughness Reynolds numbers are needed to trip the boundary layer from a laminar to turbulent state on the Apollo-shaped capsule. For both forebody shapes considered, the dominant varicose mode S1 grows the fastest and may dominate the roughness-induced transition process, at least for Re kk > 254 and when the initial amplitudes of both mode families are comparable. The spatial extent of the amplified wake-flow region is significantly longer in an environment with a positive pressure gradient. The sinuous mode in the FPG case is amplified the furthest downstream, except for Re kk ¼ 336 where the amplitude of mode A1 grows up to about twice the amplified distance of the symmetric mode. In contrast, the dominant sinuous mode at APG conditions is always amplified the furthest downstream.
The bottom row of Figure 11 shows the maximum N-factor computed downstream of the roughness at its corresponding frequency. For both investigated pressure gradients, the peak disturbance frequencies are higher for mode S1 in comparison to mode A1. This observation is in qualitative agreement with the findings of Choudhari et al. 25 With increasing roughness Reynolds number, a broadening of the amplified frequency band occurs and the maximum N-factor appears at higher frequencies (except for mode A1 at Re kk ¼ 336 on the Apollo-shaped model). Figure 12 displays the most amplified disturbance frequency in terms of the non-dimensional frequency F ¼ fk=u k for the investigated roughness Reynolds numbers. A linear-like dependency of F from Re kk exists for the dominant varicose mode in both FPG and APG conditions. On the other hand, no clear trend is observable for the most amplified sinuous mode (not even if a reference length associated with the spanwise extent, such as d, is chosen). Hybrid modes on the sphere-cone geometry were not observed within this study, most likely due to a mismatch of the relevant frequency range (most unstable first-mode instability predicted at f % 30 kHz 3, 33 ). To obtain a better insight into the mechanisms of how the shear layers of the basic flow transfer energy into the wake modes, a helpful method is to calculate the kinetic energy transfer in planes downstream of the roughness. 23, 40 The rate of change of kinetic energy is given by
where E K is the kinetic energy of the disturbance, P i,j the kinetic energy production term, È the viscous dissipation, and i,j the Reynolds stress term. The sign of the production term P i,j indicates whether the local transfer of kinetic energy acts as stabilizing (negative sign) or destabilizing (positive sign) on the disturbance. Figure 13 shows the streamwise evolution of the kinetic energy production terms of mode S1 and A1 for the sphere-cone capsule at the peak disturbance frequency leading to the highest Nfactor, respectively. The basic flow shear layers related to the streamwise velocity component (P 1,1 , P 1,2 , P 1,3 ) have the biggest contribution to the energy transfer, which is in accordance with the results obtained for the Apollo-shaped model 28 (see inserts in Figure 13 ). Depending on the streamwise pressure gradient, the relevance of the different production terms on the overall energy transfer varies within the unstable wake-flow region (the end of the amplified region is indicated by the vertical dashed line in Figure 13 ).
In the case of the favorable pressure gradient, mode S1 essentially extracts its energy from the work of the Reynolds stresses 1,3 ¼ " ûŵ against the wall-normal shear of the basic flow streamwise velocity component @ " u=@z. This destabilizing effect of the wall-normal gradient diminishes as the central low-speed region starts to fade away, accompanied by the decrease in shear layer intensity (see Figures 6 and 7) . Once the counter-rotating vortex system establishes downstream of the element, P 1,2 has a positive contribution to the energy extraction process for both dominant wake modes. The production term P 1,1 , related with the streamwise shear of the basic flow streamwise velocity component, stabilizes the dominant wake modes, especially in the vicinity of the reverse flow region.
In the case of the strong APG on the 50 -MSL capsule, the trend is reversed and P 1,1 destabilizes the dominant wake modes (it is only stabilizing when the flow begins to accelerate again towards the capsule shoulder). The kinetic energy production for mode S1 is no longer solely dominated by the P 1,3 term. Within the amplified wake-flow region, a collaboration of mainly the P 1,3 term with the P 1,2 term is revealed, where P 1,3 has the biggest integral contribution to the overall energy production for the varicose mode and P 1,2 for the sinuous mode, respectively. The oscillation in the region s ¼ 7 À 9 mm is caused by an interaction of expansion waves with the Dirichlet boundary condition at the upper boundary of the evaluation plane that is used in the instability analysis. Although the cylindrical roughness element is well submerged in the subsonic part of the boundary layer (see Figure 4) , the flow deflection above the roughness extends into the supersonic flow regime.
Roughness diameter variation
In this subsection, results from a systematic variation of the roughness slenderness ratio, d/k, at a fixed roughness height will be presented. Hence, the roughness Reynolds number Re kk remains unchanged, although different Re kk values are used for the FPG and APG conditions. In our previous study for the Apollo-shaped capsule, the roughness width was varied at Re kk ¼ 336. Depending on the roughness shape and slenderness ratio, avoided crossing occurred in the vicinity of the roughness trailing edge, which could be an indication of the existence of an absolute instability. Furthermore, the results from the previous subsection revealed a significant increase in the cumulative amplification ratios at APG conditions. Therefore, in order to work out the effect of different roughness widths on wake-mode instabilities subjected to a positive streamwise pressure gradient for convective instabilities only, a value of Re kk ¼ 254 is chose for the following study. Figure 14 depicts the effect of different slenderness ratios on the evolution of the streak amplitude. For both pressure gradients considered, the roughnessinduced perturbation decreases with increasing protuberance width for the roughness nearfield. However, the streak amplitude linearly reduces for s > 1 mm with increasing downstream distance at FPG conditions, whereas in the APG case a second maximum evolves with increasing d/k followed by a subsequent Figure 13 . Streamwise evolution of the kinetic energy production terms P i,j for mode S1 (left) and A1 (right) at Re kk ¼ 348 for the 50 -MSL capsule. The black dashed line marks the downstream end of the amplified wake-flow region for the indicated frequency. The inserts depict the equivalent results for the Apollo-shaped capsule at Re kk ¼ 336. decrease in the region of flow acceleration. As a measure of roughness-induced perturbation, the evolution of the streak amplitude along the sphere-cone leeward line of symmetry indicates that with increasing roughness width, the amplified wake-flow instabilities will likely need a longer distance to decay.
The instability results presented in Figure 15 substantiate this hypothesis. The spatial extent of the amplified wake-flow region increases with d/k for both the most amplified varicose mode and the dominant sinuous mode at APG conditions, whereby the unstable region of mode A1 is about five times as long in comparison to the one of mode S1. In addition, the maximum N-factor reached for mode A1 also increases with the slenderness ratio (for the APG case), revealing a strong correlation with the streak amplitude for the far-wake region (both APG and FPG). The dominant varicose mode is known to be linked with the shear layers along the central lowspeed region 23, 28 (see also Figure 10 ) and as soon as the destabilizing effect of the wall-normal gradient diminishes (see evolution of P 1,3 term in Figure 13 ), mode S1 becomes damped. The intensity of the detached shear layer decreases with roughness width (see e.g. Figure 22 in Theiss et al. 28 ), resulting in lower N-factors for mode S1 at both FPG and APG conditions. On the other hand, the vortex cores of the horseshoe vortex are further apart, leading to a slower reduction of the velocity deficit in the central low-speed streak region (accompanied by a slower reduction of the wall-normal shear) and therefore supposedly to the longer spatial extent of the amplified wake-flow region of mode S1 (both APG and FPG).
The amplified disturbance frequency band shrinks with increasing slenderness ratio for both dominant wake modes on the sphere-cone model, as well as for mode S1 on the Apollo-shaped capsule (see the outer right plots in Figure 15 ), but remains nearly unchanged for mode A1 (FPG condition). Furthermore, the most amplified disturbance frequency also reduces with roughness width and the relevant range of frequencies is essentially smaller for the sinuous mode. Although the roughness Reynolds number is different, the most unstable frequencies for the dominant anti-symmetric mode are nearly the same at both investigated pressure gradients.
Summary and concluding remarks
Laminar steady basic flow computations were performed for a discrete cylindrical roughness element submerged in the boundary layer along the leeward symmetry plane of both an Apollo-like capsule and an MSL-like sphere-cone geometry at cold hypersonic wind-tunnel conditions and at an angle of attack, respectively. Starting from the stagnation point, the flow on the Apollo capsule accelerates towards the shoulder, exhibiting a favorable pressure gradient, whereas on the 50 -MSL capsule, the flow is at first strongly accelerated over the spherical part followed Figure 15 . N-factor envelope curves versus surface arc lengths for the most amplified varicose mode (left column), sinuous mode (middle column), and maximum N-factor as a function of disturbance frequency (right column) for all investigated slenderness ratios.
by a distinct flow deceleration on the conical part. The dimensions of the roughness element were varied in both height and diameter to study the roughness wake-flow development and the inherent instabilities subjected to different streamwise pressure gradients. The flow topology around the protuberance revealed a strong resemblance at both pressure gradients considered. Though, the roughness induced shear layers are preserved longer in an adverse pressure gradient (APG) environment. The streak amplitude, which is a measure of the perturbation caused by the surface inhomogeneity, increases with roughness height and reduces with the cylinder diameter for the roughness nearfield. For all investigated roughness dimensions, the streak amplitude decays towards the shoulder in the case of a favorable streamwise pressure gradient (FPG). However, depending on the roughness Reynolds number (Re kk ) and the slenderness ratio (d/k), an additional maximum evolves far downstream of the element at APG conditions. Once the flow starts to accelerate again towards the shoulder on the 50 -MSL capsule, the streak amplitude substantially decreases due to the upcoming negative pressure gradient.
The instability properties of the streaky wake flow behind the cylinder were analyzed with the help of spatial two-dimensional instability theory (LST-2D), where the focus was on the most amplified symmetric (varicose) and anti-symmetric (sinuous) modes. It turned out that on the sphere-cone capsule (APG) the unstable wake-flow region extends much further downstream and the wake-mode instabilities are considerably more amplified in terms of modal N-factor data. In the APG case, the wake mode amplification ratios for Re kk 5254 reach a value range that typically correlates with the onset of transition on nominally smooth configurations, whereas in an FPG environment, higher Re kk values are required. For all considered roughness dimensions, the most amplified sinuous mode (A1) is the one that is always amplified the furthest downstream in the APG region, whereas in the FPG case this only holds for the highest roughness Reynolds number investigated (Re kk ¼ 336). However, the amplitude of the most amplified symmetric mode (S1) grows the fastest (both in FPG and APG) and will most likely dominate the roughness-induced transition process above a critical threshold value, which has to be a function of height, planform shape, slenderness ratio, pressure gradient, and wall temperature. On the other hand, mode A1 grows slower in the beginning (both at FPG and APG conditions), but can reach higher N-factors downstream (only valid for the APG case).
An analysis of the disturbance kinetic energy production terms revealed that the basic flow shear layers related to the streamwise velocity component have the biggest contribution to the energy transfer. In particular, the wall-normal shear layer, formed at the roughness leading edge, solely destabilizes mode S1 on the Apollo-shaped capsule, whereas mode S1 and A1 both originate from instability of the whole threedimensional shear layer at the investigated APG conditions. Nonetheless, the varicose mode is mainly linked with the wall-normal shear, whereas the lateral shear has the biggest integral contribution to the energy transfer for the sinuous mode. The favorable pressure gradient reduces the growth of the dominant wake modes, whereas an adverse pressure gradient is destabilizing the wake.
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